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GENERAL TREATMENT OF COMPRESSIBLE FIOW IN EJECTORS
AND EXAMPIE OF TTS APPLICATION TO PROBIEM OF
BFFECT OF EJECTOR ADDITION ON THRUST
OF JET-PROPULSION UNITS

By Herman H. Ellerbrock, Jr.
SUMMARY

The principle object of the present work 1s to present a general
treatment of compressible flow in ejectors with friction in the
mixing tube included. A .secondsry objeot 1s to show the application
of the flow theory to the calculetion of the effect of ejector
addition on thrust of jet-propelled airplemes and missiles. The
calcvlations made did not explore ‘the elector possibilities completely
but covered a few conditions that were considered appropriate to
modern turbojet end rem-jet airplanes and missiles. Applications to
some other problems are also briefly discussed.

The goneral treetment of compressible flow in ejectors led to
& theory with certain limltations which permits calculation of physical
conditions in ejectors for varying geometries for any set of flow
ectuating conditions. Certain essumptions, for oxample, the assumpticn
of perfect mixing of the fluids in the ejector are of qusstlonable -
validity. For practical purposes, however, it 1s thought that satis-
factory agreement betwsen the theoretical conditions and experimental
results will be obtained. The general theory can be applied to any
Problem concermed with pumping or thrust awgmentaticn to bo obteined
through use of ejectors. :

The exploration of the advantege to be geined through use of
eJectors, whose gecmetry was varied to obtain ideal conditions through
the flight renge, to augment the thrust of Jeb-propulsion units for
the limited.renge of conditions used in the caslculsticns, showed that
gonerally at teke~off bubt otherwise only in isolated instances for
certain combinations of flight and ongine conditions was the thrust
incressed. It was determined that when an ejector with a nozzle at
tho mixing~tube oxit was added to & rem-jet installatioh operating
a% supersonic flight speeds for the direct purpose of cocling or
boundary-layer control, good thrust augmentetion was obtained as an
indirect result. For the direct purpcse of thrust auguentation,
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hovever, more thrust was cbtained with a large ram-jet installation
without an ejector whose mess flow rate was equal to the sum of the
primary end secondary flow rates in the ejector setup. In the
calculations it wes necessary to rule out certain solutlons that
were consldeyed physicelly impossible and for which vory optimistic
thrust avgmentation results were obtained. Previously reported
optimistic calculated resul’s of other investigations vory probebly
are besed on such physicelly impossible solutions.

INTRODUCTION

The ejeotor is an eercdynamic device that has offered possibilities
of improvement of the performence of ajrplenes by its application.
Much Interest hes been shown by aircreft designers in recent years in
the use of ejoctors fitted to the exhaust stacks of reciprocating
engines end in the tall plpes of Jet engines FPor thrust and cooling
avgmentetion. The principle involved in the case of thrust auvgmentation
is as follows: Thrust 1s equal to mass of fluid flowing times the
change of velocity of the fluid from the free streem to a position
wvhore the fluld issulng from the Jet has again a static pressure equal
to that of the free stream. The kinetic energy wasted in the weke
diminishes as the mess flow engegod incresses, with consequent increase
in propulsive efficiency. When the gain in propulsive efficiency
through engaging additionsl air by ejector acticn exceeds the loss of
efficlency in the ejector itself, thrust is augmented. The principle
of the ejector as a cooling augmentation device is that transfer of
nomentum from e high-veloclty exhaust-gas jet to low=velocity air
creates an action on the low~velocity air such thet it is pumped fram
a low-pressure Yo a high-pressure region at.the ejector.exit. The
low-pressure reglon is the space behind an engine, the reduction of
Pressure in the space causing more cooling aix to flow across the
engine than if the ejector is not used. An example of an ejector
Placed at the exit of a nozzle downstream of an engine fox thrust-
avgmentetion purposes ls lllustrated in figure 1 for a typical Jet-
propelled airplane.

Meny investigations, both amalytical end experimental, have been
mede for the purpose of determining the performsnce of ejectors. Most
of the investigations have been made for the purpose of determining
the pumping effect of ejectors, actuated by intermal combustion engine
oxhaust gases, on the cooling air. The complexity of the problem ig
such, however, that assumptions mede regerding friction and compressi-
bility have limited in one way or amother the applicability of the
various theories evolved. The underlying principles of thrust
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augmentation were set forth by Schubsuer as ssrly as 1933 (referencel),
together with the results of low-speed wind-turnsl tests of small- ]
scale Jets. Schubauer observed that the thrust augmentation diminished
with Increasing flight speed, and concluded from his tests that the
augmentation wes insufficient to permit Jets to compete with propellers
at the flight speeds of that period. Fligel {reference 2) developed

a theory for the design of Jet pumps which checked well with his
experimental results in the renge explored. dJacobs and Shoemeker
(reference 3) , from static thrust meesurements of a Melot type thrust
aungnentor, arrived at substantially the same conclusions as Schubauver.
Lee (reference 4) presented a theory due to Keenan and pointed out
thet static thrust increases as high as 80 percent were theoretically
possible. The seme reference reports a 35-percent augmentation of
exhaust-stack thrust obtalned with ejectors Fitted to a Pratt & Whitney
R-1830 engine. Morrisson (reference 5) also in model tests noted large
augmentation of static thrust when the induced air streem reached the
eJector at about atmospheric pressure end with negligible veloclty.
When the approach pressure or velocity of the induced alr stream
increased, the augmentation of thrust fell off repidly. In Great
Britain, A. R. Howell, B. H. Slatter, and W. Balley obtelned simllar
findings substantiated by a limited number of tests, based on a more
comprehensive theory than those of others. Thelr theory indicated
that tests with unheated actuating Jjets would not properly simulate
conditions with a heated Jet, end experiments demonstrated that static
thrust augmentation diminished as the temperature of the actuating

Jet was elsvated. Reappearance of substantlal thrust augmentation at
very high flight speeds was another outcome of this esnalysls, the
theory showing augmentation as high as 400 percent. Nevertheless,

the authors 4id not stress this point, end concluded that practical
ejector thrust augmentation could be obtained only at very low speeds.

For flight in the transonic and supersonic speed range, where
the more comprehensive theories suggested but for which experiments
are lacking to confirm the possibility of substantial thrust augmentation,
the simpler emalyses were inappliceble. The solution of this problem,
together with that of the design of eJector pumps for the same high
Tlight speeds, requires an snalysis of the asrodynamics of the ejector,
sufficiently comprehensive to apply without limitations on speed of
flight or intermal air flow. The present report contains such an
analysis, together with a study of thrust aungmentation sufficlent to
demonstrate its application and indicate some of the more important
trends. The method of application of the theory of flow in the -
ejector to the problem of cooling augmentation for a continuous Jet
is also briefly discussed as snother applicatiom of the analysis.

In the dsvelopment of the theory, the asswuptlion of complete
mixing of the air and the gas in the ejector mixing tube was mads.
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The assumption of no losses in the duct and nozzle systems feeding
the primary and secondary air to the sjector was also made in order
to determine whether under ideal conditioms thrust augmentation
would be obtalined end to dismiss the system lossss from the theory
because it is another problem. Friction in the sjectar, however,
wes coneidered. Calculetions were made, using the theory, of the
thrust Increase at a few conditions that are considered appropriate
to turbojet alrplames and ram=-Jjot alrplanes end missiles. The range
of conditlons chosen was consldered sufficient to demonstrate the
application of the theory to this particular problem. The resulte
of the calculations are presented in curves given in the report.

SYMBOLS

A sketch of the Jet system illustrating the symbols used hersin
is given in figure 2. The supersonic nozzle at the mixing-tube exit
is shown with broken lines to symbolize the Pact that the ejector
may be ussd with or without the nozgle.

A cross-ssctional area, squars feet
a speed of sound in alr, feel per secomiQ/;Lf = 49 \/T>
' o}
c epecific heat of ailr'at constant pressure, Biu per pound per OF

Cy -specific heat of air at constent volime, Btu per pound per X
a dlemeter of mixing tube, fest

friction factor (f = 0.049/ (Re)o'e)

retio of ebsolute to gravitatlonal unlt of mass, pounds per
slug (32.17) |

S absolute totel pressure of fluld, pounds per squere foot, absolute
J mechanical equivalent of heat, foot-poundyBtu, (778)

1 length of mixing tube, feet |

M Mech number (V/a.)

m mass rate of flow of fluld, slugs per second

Iy
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absolute statlic pressure of fluid, pounds per sguare foot,
absolute

dynamic pressure of fluid, pounds per square foot
gas constant for air, foot-pounds per °F per pound (53 .33)

pPressure-rise ratlio from free stream to Jet-unit exlt (Hu/ﬂo)

(for 100 percent efficiency of diffuser at Jet-unit inlet,
r equals pressure~rise ratio across jet unit)

ebsolute temperature of fluid, °F ebsolute
velocity of fluid, feet per second

ratio of secondary-alr flow area at mixing-tube inlet to area
at Jet-nozzle exit (Aa/AJ) (Aa + A3 = area of mixing-tube
cross section) )

ratio of specific heats of air cP/ cv) ,(1k)

ratio of mass of air flowing to mess of gas flowing with
ejector  (ma/mj)

density of fluid, slugs per cubic foot

ratio of thrust with ejector to thrust without ejector when
mass of gas my <flowing is same in both cases and ejector

exit presaure equals pressure of atmosphere

ratlo of thrust with eJector to thrust without sjector when mass
of gas my flowing is ssme in both cases but sjector exit

pressure does not equal pressure of abmosphers

gtatic-pressure loss in mixing tube caused by friction, pounds
per square foot ’

temperature rise in combustion chamber of ram jet, op
denotes lncrement .

Reynolds number in mixing tube
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Subscripts:
8 refers to conditions of air at mixing-tube inlet
b refers to back pressure conditions In tank at ejector exit

4 refers to conditions at discharge of nozzle placed downstream
' of mixing tube

e refers to conditions at exit of straight circuler mixing tube
J refers to condlitions at Jet-nozzle exit with ejector

JE refers to conditions at Jet-nozzle exit without ejector
(free Jet) '

n refers to conditions at Jet-nozzle minimum section when
supersonlic flow occurs In nozzle :

o refeors to free-stream conditions
8 refers to stagnation temperature

t refers to conditions at mixing-tube nozzle minimum section
vhen supersonic flow occurs in nozzle

u refers to conditions at exlt of Jet wnit (upstream of jJet-
nozzle exit) '

GENERAL TREATMEXT OF COMPRESSIBLE FLOW IN EJECTOR

A disgrammatic sketch of a typical ejector i1s sghown in Ffigure 2
from which it is possible to obtain & brief concepbion of the flow
Processes Involved in an ejector. In the exsmple shown, primery
augmentation gas is flowing through the central nozzle and secondary
air 1s flowlng through the amnulaer space around this nozzle. The
tvo flows come together at the mixing-tube inlet end mix in the tube
shown, the primary air giving up energy to the secondary air and
causing the latter to flow through the system. The nozzles and the
mixing tube are circular and the latter 1s also—cylindrical. The air
end gas mixture elther discharges at the mixing-tube exit or flows
through a circuler nozzle at the mixing-tube oxlt, as shown in
figure 2, and then discharges. The development of the basic relations
involved in the flow through such & system will be the purpose of
the analysis of this report. . '
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Basic Relatlons
Asgumptions.- Several assumptions are made in the development
of the analysis as follows: .

1. Reversible adlabatic expension from Jet-unit exlt to
Jet-nozzle exit, from free-air stream to secondary-air nozzle
exlt (hereinafter called mixing-tube inlet nozzle), and from
mixing-tube exit to mixing-tube exit nozzle discharge; or
symbolically HJ = Hu, TJS = T'D.S’ H& = Ho, Ta_s = TOB:

Hd.“_‘He’ Td.s =T68'

2. Uniform velocity and pressure &t inlet of mixing-tube
exit nozzle end exits of inlet nozzles. (IFf no nozzle 1s used
at mi:):ing-'t:ube exit,assumption st1ll appliss to mixing-tube
exit.

3. Complete mixing of air end gas before reaching the
mixing-tube exit and no heat transfer across the boundery of
the mixing tube.

4. Air properties are appliceble to gas and o gas and
alr mixtures. Values of Cp end ¥y used sre ccomstant and

equal to 0.24 and 1.4, respectively.

Assumption 1 postulates frictionless, shockleee flow which practi-
cally can never be obtained. The assumption was made to simplify the
problem and to determine the thrust augmentation for ideal conditions.
In general, at supersonlc flight speeds 1t would be expected that it
would be difficult to demign low loss ducts and nozzles in vhich the
velocity is required to diminish appreciably.

Conditions in miring tube.- Three fvndamental equations - the
canservatiocn of energy, the conversation of momentum, and the
conservation of mass sguations - are used to determine the cordltiors
at the mixing-tube exit in terms of conditions atv the mixing-tube
inlet. Applying the low of cangervailon of energy ard with
assumptions 2, 3, end 4, ths Tollowing ec¢uzation cam bo set up:

/ v.2\ TA v 2
m&k]'gcp'l'a * 2 + my (Tgcp‘l‘d + _éE)- Me{d8cpTe * = (1)
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Applying the law of conservation of momentum between the inlet
and the exit of the mixing tube, friction on the inside surface
of the mixing tube being included, and with assumptlions 2 end 3,
the following equation results:

MV, + myVy + Dehy *+ DyAy - Apf(Aa + AJ> m MV, + pe(Aa + AJ) (2)

All previous work has been-based on the assumption of uniformity of
pressure across the mixing-tube inlet (pa‘/p.j = 1.0). The pressure

ratio pa/ps, however, cen have a range of values depending
upon the ups%ream*nozzle design except for the case of both Mach
nurbers at the inlet being subsonic for wh¥h case 1t is expected
that pa/pJ would be equal to 1.0.

From the law of conservatlion of mess.it is evident that

ma + mj = 5 (3)
Various supplementary equations are needed before the solution

of equations (1), (2), and (3) for conditions at the mixing-tube

exlt can be obtained. From the law for ldeal gases the temperature

et the mixing-tube eixt can be shown to be

P Ag + A
Teséve-*a-—m-;—i (k)

Applying the laws of friction in pipes to the mixing tube, the
friction pressure drop in equation (2) can be shown to be spproxi-
mately represented by the following equationi - :

fpp ~2F LV, P
pf:t a aAa"'AJ (5)

' ! - ’ . A
Equation (5) comes from the relation —gf- equals 4f az-, for

which £ is empirically determined as 0.049/(39)0'2. Bquation (5)
is an approximation because V., the veloclty of the air at the

mixing~tube inlet is used Iin place of the average velocity of the
nixture in the whole tube. The air veloclty was used because of
lack of knowledge of the mixing process teking place. It was
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\

determined that the friction term made little difference in the
thrust~augmentation results except for very amall tube sizes &t
extremely high velocltles so that such ap assumptlon will lsad to
little ervror in most cases.

The Mach mumbers at the inlet and exit of the mixing tube can
be obtained from the following equebions:

My = Vo /\/76RT, (6)
My = ¥, \raT, (1)
Me = Ve/\/ﬁé'—f_e- (8)

The mass rates of flow of alr and gas at the mixing-tube inlet
can be dstermined from the equations

m o=p VA =—8-7VA - (9)
- L 21 |
my =0 JVJAJ :BTJ VJAJ (10)

The final equations are set up with dimensionless parameters
end for convenience the following substitution or change of variable
is applied:

Ay

From equations (1) through (11) and the relation Jcp/R =y/(y - 1),

the static pressure and Mach number at the mirxing~tube exit can be
determined in terms of conditions at the inlets. The resulting
eguations are:
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_ v 1 2,2
B, (Pa.)<7 z 1)(1{ 1 1) A q/ 754% = 2(y + 1)B (12)
o _ oA EVo202 - p(y + 1)B
w2 = (13)
7h + 9/ 72A% - 2(y + 1)B

where |

A=mi2 s MJE L% P N £ ) WP L./%Ma? + MMy P1 [Ty (14)
Pa 7 2g a Pa i/ Ty
p \ - T -

(15)

It should be noted that when the plus sign is used in equation (12)
the minus sign should be usged in ths numsrator and the plus sign should
be used In the denaminator in equetion (13}, and vice versa.

From a knowledge of the static presstre and Mach number at the
miving-tibe exit, as destermined by ogustiona {12) end (13), respectively,
1t 1s possible from the laws of curpressible fiow to obtain the total
Pregsure atb the mixing-tube exit, The relation is _

7 1
59 ={1r222 M32)7 (16)
e

A curve of Mach number M. versus p/it hasod m this squation 1s
given in flgure 3. Aiso from compressible flow relations

T
es _ -1
T, 1+ Z_.2_... M62 (17)
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On the basis of equations (1}, (6}, (7), (8), {17), and the relation

T o
R *7-I : (18)

3t can bs shown that

T T,
Zes  _1 la =12 -1,2 |
T T §E I 0 TJ<1 It Ma) + (1 + Z_._2 MJ) (19)

Equations (16), (17), end (19) permit celculation of the required
stagnation condltions end temperature at the mixing-tube exit from
the pressure p, &nd Mach nuuber M, at the exit end conditione

at the mixing-tube inlet. The term 6 In equation (19) is the

ratio of mass flows of the fluids m&/mj and mey be siuply determined
to be

Q,XM_a_Eg_\/?_,j_ (20)
MJ :9‘J Ta. |

In ordsr to show the nature of the solution of equations (12)
end (13) consider the trivial case in which (12 the pressure across
the mixing-tube inlet is uniform (p 3 =Dy), (2) the gas at the jet

hes wndergone nelther heat addition nor inorease of total pressure,
end (3) the flow is frictionless; that is, the same Fluid passes
through both nozzles and friction is neglected. The net result in

the mixing tube ls merely the frictionless flow of a fluid in a tube.
Equations (12) and (13) then reduce to the common forms given in

meny references (see reference 6, for exsmple), The solution results
in four roots for Mach number at the mixing-tubs exit, two of which
can be eliminated because they ere negetive, end two roots of pressure.
The two roots of pressure are

and

= —2r_y2 . 2=l 22
Pe pa(7+lMa. ‘)’+l ( )
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For the condition given by equation (21},
Mg = Mg (23)
and for that given by equation (22)

5
Me=‘/Ma Dt (24)

2/M," = (7 = 1)

Equations {21) end (23) represent merely the trivialsolutions
in which the downstream flow is ldentical with the upstream flow.
Equations (22) and (24) will be recognized as the normal shock
equatione, which obviously also represent a solution because the flow
on the two sides of a normal shock fulfill the besic momentum, mass,
and energy equations (equations (1), (2), end (3)). In general,.
solutions of equations (12) and (133 for the ejector nontrivial cases
similarly result in four roots for Mach mumber at the mixing-tube
exlt, two of which can be eliminated as in the case jJust noted, the
remaining two being related by the normel-shock equations. Further
discusslon of these two physically significant solutions will be
given in a later section of the report.

Conditions at exit of mixing-tube. nozzle.~ Under conditions to
be discussed later, efficiency is improved by use of a subsonic
diffuser or a supersonic nozzle (as indicated in figs. 1 and 2) at
the exit of the mixing tube. Egquations for the conditions at the
exit of such & nozzle or diffuser will now be developed.

For purposes of calculation, the nozzle or diffuser at the
mixing-tube exit camn be assumed to have fixed dimensions for which
the statiz pressure et the nozzle exit py will, within limits, be

fixed by the upstream conditions, or the pressuie  pg can be fixed

and the nozzle assumed -to be so proportioned that this pressure is
obtained for given upstreeam conditions. The latter method is used’
in this report. Knowing pg and if isentroplc flow is assumed
.through the nozzle, the following equaticoms relate conditions at the
mixing-tube exlt with those at the nozgzle exit: ‘

o) 2 y ~1.,2 .1.39. - '
Mg© =31 (l * 3 Me) Pd) 7 -1 (e5)

p At '
e

and
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The determination of the Mach number and temperature at the mixing-
tube exit=~nozzle discharge thus depends-on the temperature, statlc
pressure, and Mach number at the nixing-tube exit and the pressure Pa

vhich is known. (py = p, for highest efficiency.) The equations
for M, and Py have been presented in the previous section. From

the stegnation condltions at the nozzle exit, which are assumed equal
to those at the mixing-tube exit, end. the Mach mumber, temperature,
end pressure at the nozzle exit, all other comditions at the latter
station can be obtained. Equations (16) through (20) can be used

to determine the additional conditions at the mixing-tube exit which
are required for determining the mixing-tube nozzle-exit conditiomns.

General Illustrations Showing Effect of Variables
on Conditions in Mixing Tube

Application of fiight parameters te general equations.- The equations
developed in the proceding sections are concerned only with the mixing
tube and the mixing-tube nozzle of the ejeobtor, end give the conditions
at the mixing tube and mixing-tube nozzle sxits In terms of parameters
at the mixing=-tube inlet. Scme of these parameters will now be
determined as functions of flight and Jet-engine conditions such that
the theory will be appliceble to flight.

On the basis of assumptions 1 and 4 the Ffollowing equations cen
be derived:

~

L
Tj = Tus@% (27)
x, - T@a a (28)

From equations (27) and (28)

T3 _ Tus(®a\” {117 (29)
. Ta  Tos\Pa r
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The stagnation temperature of the free stream T,, can be determined
from the temperature of the free stream T& and the Mach number of

the free stream MQ _by means of an equation simjlar to equation (17),
or . .

Tos = To(l + z—é—l Moe) | - (30)

By means of equetions similar to equation (16) applied to the
froe stream and te the mixing-tube inlet, and again on the basis ef
essumptions 1 end 4,1t cen be shown that the Mash mumbers of the alr
and gas at the mixing-tube inlet cen be obtained from the equations

1
4

L .
My = ) B (Po> (1,+ Z—%-lmoe)-l (31)

7 - 1|\2,

On the basis of equations (12), (13), (1k), (15), (25), (29),
(31), end (32) the Pollowing equations can be derived:

e GG [+ VAE 2o e |G

My = 3 A+ \/72A2 - 2(y + 1)B (34)

78 % 7\/7211? - 2(y + 1)B

TEHY/E X (REETVCT SV

Po Pd.
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where

-~

) . x=1 X .
2 P 7 P
A= <x(c - 1)(1-2¢ L)+ i Pa -1} +2=1 1Y
rod ( )( d)+P (PJI> (@ 2y <X+Pa.)

8

s
T- , L;-l. = z=1
P .
cee2la fres - nffPan)” (-1l (2" L e
% Pa V/ Tus 3 ®
T N
,J\ 2 -
B lx\/y_l(c 1)
i )
‘ 2=l z=1
7 " 7
+2 [Tos [ 2 |(Pa, (c)- 1f 2 > < 0x /~2(C - 1)
Pl Tusi/7 - [\ Py Py ry-1
(v -

(37)

+
Q
0° ko
3
N
T
.|m
‘,_I
o |
S 1)
121
<[}
o
1
H
il P
3
| ]
Y4

. p\')’ -1
C = -1;9-) 1+?-'--2-——M02 (38)
N ‘
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There are two values of Pe/Pg end two positive values of the
mixing-tube exit Mach number Mg which are the only ones used,

each of which according to equations (33), (3%), (36), (37), and
(38) 1s e function of PJ/Pa: Pa/PO: Tus/Tos: r, X, M,

end £1/3d. There are also two positive values of Mg which are

the only ones used, each of which depend on the foregoing factars
plus pe/p, &nd Po/Pae

Thus fram flight and jet-engine conditions, the static pressures
at the mixing-tube inlet, the area ratio X, the ratio 1/d of the
mixing tube, and a friction factor, it 1s possible from the apalysis
glven to determine the static pressure and the Mach number at the
mixing-tube exit. In addition to the foregoing parameters, 1f the
static pressure at the mixing-tube and mixing-tube nozzle exits are
knowvn, the Mach number Mz at the nozzle exit can be obtalned.
Grephicel illustrations of the effects of the parameters on pe/p,

and M, +will now be given with discussions of the physlcally

possible solutiona. The equations were too complicated to determine
anelytically the effect of varying one or more parameters, keeping
the other paremeters constent, cn M, and Pe/Po° Most of the

following study is for frictionless flow bscause the frictlon term,
as will be illustrated, resulted in a well-defined effect such
that, results for flow with friction can be approximated closely
using frictionless=~flow results. The paremeter Pd/pa was

arbitrarily set egqual to 1.0; that is, the static pressure across
the entire inlet of the mixing tube equels p, for the cases to
be discussed. The valus of Pa/PJ of 1.0 is used in the following

discussion because the effect of veriation of pﬁ,‘/p.j on thrust

augmentation, es will be shown later, was not appreciable over the
range expected. _

Effect of 1p,/p, (frictionless flowj py = p,).~ The effects
of varying p,/p, for velues of X, T, Tue/Togs &84 M, of 1.0,

1.0, 1.0, end 1.4, respectively, on the Mach numbers at the inlet
and exit of the mixing tube, on the pressure rise through the
mixing tube Pe/Pa end on the ratio of static pressure at the exit

of the mixing tube to the free-stream static pressure are shown in
the curves down the left~hend side of figure 4. In order to vary
nixing-tube inlet conditioms, it is necessary to change the geometry
of the nozzles upstresm of the mixing-tube Inlet with or without
constant mass flow rate of fluld passing through the Jet unit when
supersonic flow exists at the Jebt exlt. For subsonlc flow at the
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Jet exit, the geometry of the nozzles must change when the mass
through the jet unit remains conetent in order to vary the ejector
inlet conditions. In the present work the mass flow through the
Jet unit is assumed to be the same and thus pa./}_n':> variation of

curves like those of figure 4 is accomplished by varying the
geometry of the upstream nozzles under the conditioms imposed on
the curves. The mass rate of flow through the Jet unit 1s assumed
the same because the purpose of design is to find the ejector which
will give the.most thrust increase to a given Jet wit. The curves
are for frictionless flow £1/d equal to O &and for the pressure
at the Jjet nozzle exit p 3 equal to the pressure at the mixing-

tube inlet nozzle exit I

The conditions of flow that will exist in the mixing tube will
depend upon the inlet conditions end the conditioms downstream of
the tube exit. Bsfore determining the flow conditions that will be
obtained in flight, a discussion of the flow conditions that will
Te obtelned if the downstream pressure (celled the back pressure)
cen be varied at will is presented. Such a variation of back
pregsure could be obtained, for instence, by using & tank, in which
the pressure was varied, at the ejector discharge in laboratory
tests. Thie discussion will lead to & clearer understanding of
the flows obtained in flight. The curves in figure 4 ere appliceble
to such a case. The flight and Jet-engine conditions given in
figure L for this case serve to define the stegnation conditions
at the mixing-tube inlet instead of being particuler airplape
conditions.

For the conditions given for the paremeters ¥, Tyug/Tog,
pa/pj, end £1/d the curves in the left~hand column of figure 4
revert to the case of frictionless flow of a fluid in a tube. From
equations (31) and (32) it is evident that if p./p 3 end r are
equal to 1.0 and M, a constant value, the Mach numbers at the
mixing-tube inlet’ M, eand M, ere equal and very omly with Pa/Po

varistion. This result 1s shown in figure L4t for the conditions

Tus/Tos of 1.0, one curve representing both the variation of M

and M,.
J

For each value of Pa./P , &nd thus Mach number at the mixing-

tube inlet, there are two values of Mach number at the mixing-tube

exit M, and two values of the pressure ratilo pe/po given in
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the curves of figure 4t for T, /T., of 1.0. These are the roots

previously discussed in the development of the equations. The
relations betwesn the inlet and exit pressures and Mach nurbers

ving rise to these curves are those expressed by equatioms (21),
%12), (23), and (24). TFor a supersonic flow at the mixing-tube
inlet, branches a end b of the curves, both roots are physicelly
significant. One root, branch a, corresponds to the condition
of a normal compression shock in the mixing tubs with subsonic flow
gt the exlt and will be obtained, except for pocrly designed nozezles,
when the back pressure equals the mixing-tube exlt pressure
(p.b/p = Dg/D, Vhere Dy -1s the back pressure). The other root,

brench b, corresponds to the condition of no shock in the tube,
supersonic flow being obtained at the mixing-tube exit. From the
present theory, for a p.v/p0 equal to p,/p, on the branch-a

curve at a glven pa/po the relatlon between theit dack pressure
ratio and :pe/po on the ‘brench-b curve for the same P, /p,

value is that for normal compression shock which is a physically
possible solution. Thus, for given inlet conditions, two physically
possible solutions exist for the . same back pressure (that is, the
back pressure corresponding to thet needed to obtain dranch-a
result). ‘The same results have been obtained for conditions other
then those of the frictionless curve being discussed. This is .
obviously impossible and experiments show thet the back pressure

must be decreased slightly to move the shock wave out of a tube

until it stands Just at the -exit. The anomaly in the present theory '
is caused by the fact that the present theory has been simplified

by ignoring the theory of the stability or positioning of the shock

wave which involves the boundery layer which.would have to be included

for completeness. Reference T has aome work on the stability of

shock waves in pipes for those interested. For frictionless-flow,

no boundary leyer exlsts end, consequently, the shock wave can be

at any position in the tube. The stebility theory is not applicable

end the enomely of the present theory will elways exlst for this

case. The polnt is not ¢f great importance because if the physical

Processes are understood it 1s not difficult to estimate the actual

Pressures reguired to obtain certaln flows with probably little

error from the present theory. From the foregoing discussion it is

evident thet the relations between the exit conditlons for the two

roots for given inlet conditions is that for normal shock. A

continued decrease of back pressure below the value for which a

normal shock wave stands at the mixing-tube exlt will have no further -
effect on the conditions in the tube but will cause the normal shock
. wave to change to.oblique shock waves with less and less obliquity
until a back pressure is reached such that P‘b/Po = Dy/P, on the
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branch =b curves. For thils condition no shock occurs in or aft
of the mixing tube. Further decreases of back pressures below this
value result in what are known as ra.refac'bion waves occurring ef't
of the tube exit.

When 7p /p is veried 1t finmlly reaches & value where the a
a'“o

end b curves merge into one solution and the Mach numbsr at the
mixing-tube exit reaches the value of unity. A decrease of pb/p0

below the value of P /po for which the Mach nmumber at the exit

is unity will have no effect on the flow in the tube. An increase
of P, /po gbove the foregoing pe/po value for the case of Tyug/Teg

of 1.0 in figure &, will cause the flow to decrease, with no change
in nozzle geametry, and subsonic flow to be obtalned in the tube.
The pa/po value will increase and the 4 branch of the curves

become applicable. For some conditions other then those.for friction-
less one-fluid flow, a supersonic Mach number at inlet and a Mach
number of wnity at exit are obtained. If pb/p'o 1s increased abowe

D, /p corresponding to 'bhis exit Mach number, nozzle gecmetry

rema.ining the same, a nomal ghock will occur in the tubs, Pa./Po

will decrease,and the a branch of another curve with lower stagnation
pressure at 'bhe Jet unit exit becomes applicable.

When the entrance Mach number is subsonic (branches ¢ and 4},
only one root of the equation is physically significant, that for
subsonic flow at the exit (branch d of the curves, equatioms (21)
end (23)). The other root corresponds tc an éxpension shock in the
‘tube (equation (2k), branch c¢) with supersonic flow at the exit
vhich is.shown to be impossible in referesnce 8: and other references
on the basis of the second law of thermodynamics. The law stipulates
that entropy can only increase vhereas entropy decreases through an
expension shock. Entropy change thus provided a check as to the
physically significent solution of the egquations. The branch-c
curves have been dashed to denote that the values are only mathématical
results. For the branch—d curves, pressire ratio p,/p, must

equal pe/*l;:o to obtain the flow at each Pa,/Po velus on the curve °
except at the point of choking at the mixing-tube exit. If p,/p,

is less them 'p,/p, for choke at- the: exit; the conditions in ‘the

tube will be the same as when' By /p o = Pe/Po Por this condition.

For complete subsonic flow in the mixing tube the flow depends directly
upon the back pressure. If the back pressure changes from a value
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giving a flow at a certain P, /p value and the nozzle gecmetry ls

not changed, the mass of fluid flowing will change until a new set
of inlet conditions are obtained such that the Pe/Po ratio for

these conditions will equel the new pb/p ratios

‘I‘he foregoing discuesion hae dealt with the case of & varying
back pressure with the ejector discharging into & hypothetical tank.
In flight, a fleld of fluid with & Mach number M, and a pressure DP,,
the atmospheric pressurs, surrounds the Jet discharging from -the
~ ejector. As this was the problem of most interest, the inlet and
exit pressures in figure 4 have been expressed as ratios of Po » The

fiow conditions in the mixing tube that will exist in £1light depend
upon the mixing-tybs inlet conditions and the back pressure p, Iif

the flight speed is subsonic (M, < 1.0) but will only depend upon -
the mixing~tu]:e 1nle'b conditions 1f the flig,ht speed is supersonic.

For subsonic flight speeds, the diecuseion for effect of back
pressure in 'a tank on the flow condi‘bions that will be obtained is
directly applicable for determining the flow with & pressure P, af't

... of the exit. With subsorilc flow at exit, the only physically obtain-

‘@ble solutions on the & &and d branches of the curves are those for
which ©p./p, = 1.0. If py/p, 1s any value other then those for'

“whick p_/p, = 1.0° on the & or 4& brenches, ome of two conditions
will result: '

1. For Pe/Po _not neceesarily equa.l to l.O and supersonic i’low

at the inlet, the. resulting flow at the exlt will be. aupersonic and
brench b of.the curves applicable. 'The shiock conditions existing
aft of the exit will depend upon the P, /po obtained for the. existing

Inlst conditlions as previously discuss,ed.., The b branch of the
curves 1s applicable for e varlation of Pe/Po from valves greater

than 1.0 down te the value where a normal shock stands just outside
the exit. On the basis of previous analysis this latter yvalue would
be at thée same ratio of pressure at inlet to free-stream pressure

. Dy /p for.which p /p, = 1.0. on the & branch of the curves.

2 If the Jet nozzles are designed w:lth the expectation of a
certain subsonic flow at thé inlet (3 ~brench of the curves) and,
consequently, e certain PEL’/Po value and flow rate which would
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result in.a. pressure ratio -p /Pd ‘not equal to 1.0, the flow rate

-Fhat wlll actually bPe obtained.with these nozzlos will be such
thet Dg/p, #ill egual 1.0 with subsonic or sonic flow at the

oxit or. Pe/Po will bo grea'ber 'bhan 1.0 with sonic' £low at the
exit- . - : * ’

For supersonic fligh’o speeds the pressure a.'b the exit of
the mixing tybe can be groater or less than p, for both suvbsonie

and' supersonic flow et the mixing-tube exit. The reason Dg/Dg

does not have %5 be equal to 1.0 is the same as that for which
P /pd dooe not have to.be equal to 1.0 .1f cne or both of the

mixing~tube inlet Mach numbers is supersonic. The prossure Pg
adjusts aft of the exit to the pressure Do by different types of

shock weves, those for supersonic flow et the exit having been
described. Consequen‘bly, all solutions on the &, b, and d branches
of the curves can-be cbtained regerdless of +the ra.'bio of the exit
Pressure to the atmosphoric pressure. The anomaly obtained from the
theory that two flow conditions are possible, one on the &a branch
and one on the b branch, for one back pressure in & tank also

oxists for, the flight case. . It exists over the whole range of

the a -and b brenches vhen the £light speed im supersonic but

cnly at one point on these branches when the flight speed is subsonic.
This point is at the p,/p, for which pPe/p, = 1.0 on the a branch.

As explained previously, this is of no prao‘bical consequence, the
£low conditions 'bhat will be ob'bained. being gble to be de'bermined.

. Effect of Tis [Tog+= The effect of heating of the gas on the

exit conditions is o'b'bainod. from figure L by compering the curves

. for the three Tus/Tos values of 1.0, 1.55, end 3.16. The inlet

Mach nuwber curve obtained for T /T of 1.0 is appliceble to

- the other temperature ratios ‘because as shown by equations (31)
and (32}, tho inlet Mach nunbers are not affected by the

peremeter T, [T .. For a T, /T - of 1.0, all branches of the

exit Mach nuiber curves reach wnity at & coomon value of inlet
pressure to fres-strean pressure ratio. This point of Joining of

" the curves becomes two points when the temperature retio exceeds 1.0,
the range of Pa/Po bvetween the two points incressing as T /Tos

- increases as indicated in figure 4. Thus, as p,/p, is increased
proceeding alom.g the & and b branches, a value of pa/p is

' reachod for which the exit Mach nunber for both branches is equal
to one and the branches Join. A gep then exists for which no
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solutions were obteined. Then a Pa/Po value is reached where
the branches ¢ and d meet and a Mach number of wmity at oxit
1s again obtained. Further increase in the Pa/Po values gives

solutions to the equations. For supsrsonic flow at the inlet,
the greeter the smownt of heeting the lower the velus of Pa/?o

and the higher the valuo of the Mach number at the inlet willl be
when choking occurs at the exit. For subsonic flow at the inlet,
the higher the value of p,/p, end the lower the value of the

inlet Mach number will be when chokling occurs at the exit for
groater hegting. The relations between the Mach numbers M, and

the pressure ratio l’e/Po on the & and b branches of the
cuxrves at a glven . pa/po value are the normal-ghock relations as

in the case of the T, /T . of 1.0 curves.

The reagcn for the gap “in the Pa/Po values for which no
solutions ere obtained is that attempts to obtein a Pa./Po value

infinltesimally higher then thet at the lower limit, for which
Me is 1.0 by a suitably designed nozzle, causes & normal shock

at the exlts of the inlet nozzles with the Mach number upstream of
the shock oqual to M, at the lower limit p,/p, value and the
Mach nymber downstream of the shock being equal to Ma at the upper
limit pa"_/po value, the relation between the lower and upper limit
inlet Mach numbers being that for normal shock as detormined for
both- Tus/Tos of 1.55 and 3.16 in figure 4. But this latter Mach

number results in the choking exit Mach number also, which is the
result required from the physical standpoint. Upstreasm nozzles,
designod for expected Pa/Po values between the lower limit value

and ‘that for Ma of 1.0, will have shocks moving progressively

upstresm fram the nozzle exlts as expected p,/p, increases, the

rositioning of the shocks always being such as to result in the
gubsonic Mach nmubers at the nozzle exits, or mixing-tube inlet,
equal to thoge at the upper pa/po linite of figure 4 curves.

Efforts to change Pa/Po to values lower then that for which

the Mach number equals 1.0 at the mixing-tube exit, with subsonic
flow at the inlet, and keep the mass flow rate through the Jet unilt
unchanged by changing the geometries of the upstream nozzles (that is,
their exit areas) result in a decrease in the mase fluid flowing,
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as compared to that flowing at the upper limit, the pressure
ratio p,/p, being equal to that at the upper limit line &and the

inlet Maeh number remaining the same as its value at the upper limit
line.

The c¢ branches of the curves in figure L for temperature
ratios greater than 1.0 have been dotted to denote conditions which
are thought to be impossible to cbtain by reasoning based on the
results for a temperature ratio of 1.0.' No proof that the conditions
are not pbtainable could be derived from & celculation of the entropy
change between the inlet and exit of the mixing tube. All calculations
for these results and all subsequent results but one gave positive
entropy changes. It 18 known that when two gases mix the entropy
increases. Thie action is occurring in the mixing tube but because
of lack of knowledge of the mixing process & step by step calculation
of -entropy change could not be made. It i1s probeble that the over-all
positive entropy chenge from inlet to exit 1s composed of entropy
change due to mixing which 1s positive and am entropy change from
expanslion shock which would be negative. .

Effect of pressure-rise ratio r of actuating jet.- Sets of
curves similer to those in figure 4 are given in figure 5 to illustratse

the effect of pressure-rise ratio of the actuating Jet on mixing-twbe
conditions for the case of no heat (Tyg/Tog = 1.0} and no frictim.

The results are shown for three ratios, r, of 1.0, 6.0, and 12.0.
The conditions of figure 5 aré such that the case of r equal to 1.0
duplicates the case of one-fluld flow in a tube glven in figure L,

the basic case for comparison with other cases, and the curves are
ldentical to those in the latter figure.

For pressure-rise ratios greater then 1.0,the Mach numbers M,
and MJ at the mixing-tube inlet are not equel. The Mach number Mg

at ratios of 6 end 12 in figura 5-is equal to thet at a ratio of 1.0,
for a given pa/po value, but the Mach number at the jJet-nozzle exi'b

MJ increases above the value at a pressure-rise ratlo of 1.0 as the

ratio Increases. This is to be expected on the basls of equations (32)
end (33). The general trend of conditions at the mixing-tube exit

as the pressure-rise ratio increases 1s away from ~the choking
conditions. For the conditions of figure 5, as r increased, con-
tinuous solutions over the range of pa/p o Were obtained, the

branches a and 4 Joining to form a continuous curve and the
brenches ¢ and 4 doing the same. No choking et exlt was obtained
at r of 6.0 emd 12.0. The effect of pressure-rise ratio on the
conditions at the exit of the mixing tube ie thus opposite to the
effect of the temperature ratio T, /Toge
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Combined effect of pressurs=rise ratio snd_hesatl of
actuating jet.~ Figure 6 showe curves similar to those of figure 5
for pressure-rise ratios r of the Jet engine of 1.0 and 6.0 but
with heat addition in the Jet engine equivalent to the highest

value used in figure 4 (Tg/To5 of 3.16). The curves are for

frictionless flow and for en area ratio X at the mixing-tube inlet
of 3.0 rather than 1.0 as in figures 4 and 5. The purpose of the
calculations of figure & was to determine whether the effect of r
~on the mixing-tube exlt condltions would overccame the counteracting
effect of heat to such an extent as to eliminate the choking actlion
of heat obtained in figure 4. The value of X of 3.0 was used

. because 1t was considered & reasonable value for a turboJjet
installation. For the pressure~rise ratio of 1.0 in figure 6, the
curves show the same type of solution obtained with heat in

figure 4, limiting values of inlet Mach nuwber being obtained for
which the mixing-tube chokes at the exlt. TFor a range of pa/p0

values no solution was obtained. Réising the pressure-rise ratio
to 6.0, however, eliminated the conditions of shock or falling off
of flow in the upstream nozzles which result from choking conditions
as exist at r equal to 1.0, continuocus solutions and no choking
being obtained over the whole p,/p, renge.

The range of the ¢ brench of the curves for the case where
the entrance Mach numbers M, and M'j are not squal and where

the curves are continuous is impossible to obtain mathematically
from the present theory. The method of calculating the entropy
chenge,which for the ¢ branch of the curve is negative and for
the d branch is positive in the case of ane-fluid flow, camnot

be used because positive values are obtalned for most cases as
explained. The polnt of intersection of the ¢ and b branches
of the curves for cases as shown in figure 6 for r equal to 6.0
has been teken as the lowest point of the Mg versus pa/p° curve.

This point was considered logical as both the ¢ end & branches
are tending to reach the point vhere the exlt Mach number is unlty
as shown in figure 5 for & pressureé-rise ratio of 1.0. The range
of pa/Po over which the 4 = branch extends i1s the same as that

for the ¢ Dbranch.

Effect of area ratio X at mixing-tube inlet.- The effect of X,
the ratio of the area at the mixing-tube inlet through which the
gecondary slr passes to the area of the Jet nozzle exit, on the
conditions at the mixing-tube exit has the same trend as the effect
of heaty that is, increase of . X ceuses the Mach number at the
exit to approach the value of mnity for given inlet conditions.
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This trend is shown in the curves of figure 7. The conditions of "
the curves of figure T are for a medium pressure-rise ratio, high
heat, end frictionless flow. The conditions in the tube are shown .
Por aves ratlos X of 1.0, 3.0, and 6.0+ The curves for X,

equal to 3.0 are identical to those on figure 6 for r of 6.0.
Figure 7 shows that even with an X of 6.0, the effects of X and
high heat tending to cause choking at the exit were not great enough
to overcome the effect of r +the tendency of which is to cause the
Mach number at exlt to recede from the value of ome as r iIncreases.
With en X of 6.0 continuous solutions were obtained and & Mach
number of. one at the mixing-tube exit was not reached although it
wae approached very closely.

Effect of free-stream Mach num'ber Mo-o; Curves of the type

given can be easily obtalned for any free-stream Mach number, area

ratio X, temperature ratio T s/TOE,, and pressure-rise ratio r

(the ratio p 3 /pa = 1.0) vhen curves are availsble for one free-

stream Mach nuxber and for values of the other perameters egual to
those for which curves are required. From squations (12), %13) s

(1), (15), (29), (31), end (32) it can be dsduced that for the same
value of Mg, M3, My, Or Dg/p, on the given and required curves

the ratio of the abscissas of the curves will be given by the
expression:

A B | mk=
a 7 =2 2 7
(_> 1+ ) required |
Po \~O/required _ q
ca -1 2
L B (M)
O /given . . . glven

The required Pe/Po versus -Pa/Po curves can be cbtained Prom the
required pe/pa versus Pa/Po curves obtained as described by

multiplying the values of Pa/Pa, by the corresponding values of
pa/p0 and plotting the resulting products against the. cqrrespond__{rgg _
pa/po values.



26 NACA RM No. I6I23

Effect of friction.~ The curves of figures 4, 5, 6, and 7
were for frictlonless flow. The effect of friction is illustrated
in figure 8 for one set of values of the perameters: X = 1.5,
My = 08, T,./Tog =2.66, end r = 1.5. From the curves of figure 8

1t is evident that friction causes the exit Mach numbers to approach
the value of one in a manner similar to the actlon of heat and .
increase of ares ratio X. The renge of pa/po for which no solution

wvas obtained in figure 8 increased appreciebly for the case of
friction as compared with the case of no friction. At the Pa/po

values, however, for which solutlons are obtained, the values of the
mixing-tube exit conditions without friction change very little for
the subsonic branches of the curves (a and 'd) when friction was
considered. The values for the supersonic branch’ (branch D) showed
more change. - e '

Résumé

The work that has been presented repreé:_ents &8 general treatment
of compressible flow in an eJedtor wil’bh & derivation of basic
relations for conditions In the mixing tube and a discussion with
illustrations and explenations of the effects of verious pareimeters
on the conditions. The basic relations generally involved the Mach
numbers of the flow because such treatment simplified the theory
appreciably. From such a general treatment, 1t 1s possible to apply
the work to specific problems involving the ejector. The foregoing
sections complete the major obJject of the present report.

As en example of application of the general treatment, the
next section of the report takes up the problem of the theorstlical
thrust augmentation obtained using eJectors on Jet-propelled
eirplenes and missiles over wide rangss of free-stream Mach numbers.
Thies was & secondary object of the report as mentioned In the
Introduction. The dlrsct application of the equations developed in
the general treatment will be readily perceived.

APPLICATICN OF GENERAL TREATMENT TO THRUST AUGMENTATION

The thrust of any device is equal to the rate of change of
momentum of the fluld involved between stations of equal pressure
upstresm and downstresm. Momentum, of course, is equal to mass of
fluid involved multiplied by velocity of the fluid. In the present
problem, the case of thrust augmentation with the pressure at the nmixing=
tube exit equal to the free-stream pressure (p,/p, equal to 1.0)
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1s the only one considered to any extent for eljectors with no mixing-
tube exlt nozzle. TFor the case of ejectors with mixing-tube exit
nozzles with discharge from the nozzle to the atmosphere, the only
thrust-augnentation results presentsd are those for the pressure at”
the nozzle exit equal to free-stream pressure (py/p, -equal to 1.0).

The following. thrust equations mre derived on the basis that all
discharge pressures are equal to the free-stream pressure. The
thrust effects of emall amounts of fuel ers neglected.

Thrust Augmentation Bquatliomse

Thrust without eljector.~ The thrust for an aivplane without an
ejector traveling with a velocity . V,, with & velocity VJF at the

Jet-nozzle exit, and with the discharge pressure equal to free-
stream pressure 1s given by the equatlon

Thrust = m_JF(VJF - vo) (39)

The subscript JF denotes free Jet.

Thrust with elector.~ The thrust of an airplane with an ejector
vith no mixing-tube exlt nozzle and with discharge from the mixing-
tube exit at velocity V, and pressure p, 1s given by the egquation

Thrust = (“!a + mJ) (ve - vo) (k0)

Equation (40) can be used for the case of an ejector with a
mixing~tube exlt nozzle from vhich the fluld discharges at veloclty ‘U’d

and pressure g by replacing V, in the equation with Vj.

Thrust ratio.- The ratio of the thrust with the ejector to the
thrust of the same Jet unit with the seame operating conditions
wvithout the ejector ¢ can be obtained fram equations (39) end (40).
For the purpose of this report the ratio m'j /m IF wae assumed equal

to unity. This seemed the most practical case to ceslculate. The
attainment of this condition usually requires that the size and
possibly the shape of the actuating jet nozzle be chenged when the
ejector 1s added. With this assumption and with a constent heat
eddition with and without the sjJector, the value of ¢ i1s not only

a thrust ratio but is also an efficiency ratio. A 20-percent increase
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in thrust; for instance, would also signify & 20-percent increase
in over-all efficiency. If ¢! is greater than 1.0, thrust
augmentation is obtained. If ¢ is less than 1.0 end positive,
thrust with the ejector 1s less then the thrust without the eJector.
If ¢ 1is less than zero (negative), the addition of -the ejJector
creates drag instead of thrust.

From squations (39} aad (4O), some equations of the general
theory, and the foregoing discussion 1t can b¥ easily shown that
the thrust ratic using only & stralght mixing-tube cen be obtained
from the following squation in which the paremeters are dimensionless:

:

My /=2 - M
a Q
TO

§=(o+1) - (41)
—
Myp /.ﬁl - M,

From equations (26) end (29), the term 6 in equation (41) becomes
equal to

=]

p +1
T L4 7
6 =X %@. uTis.(%) (?2-) (42)
31 | “os Py .

4 —

.The term pa/p 3 drops out of equation (42) if uniformity of pressure

at the mixing~tube inlet is assumed. In like marmmer from preceding
relations (equation (23)), eguations similar to equation (23) for
the aiy and gas at the mixing-tu'be inlet, end equatiems (25) and (39),
it can be ghown that

- ] 2
1+ 2Ly
e . 2 o o .Tu_2 (43)
Ty ' 6+1 Tye6+1
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For the case of the free Jet, equation (32) is applicable for
determining MJF' For the case. of P4 equal to Pos which is

the condition for which equa’cion (hl) is applica‘ble equa‘bicu (32)
becomes:

| zm1

. |2 7 - 1y2).q
Mo = /5T (x) (l+1—§-—M°) 1 o (b)

-t

On the basls of assumptions 1 and.5, and the relations 'between
stegnation and static pressures and stagnation and fluid temperatures
at a section, the temperature ratio TJB‘/T in equation (41) reduces

to

T T

oot _us L
—-‘T—c; Z:-]_--_Tos . ( 5)
S o X

The thrust ratlo with a nozzle at the mixing~tube exlt is determined
by an equation similar to equation (k1) with My, eand Te/To replaced

with the terms Mg emd T3/T,, respectively. The Mach number at

the mixing-tube nozzle exit My is determined by meams of equation (35)
using the positive root. The temperature ratio T4/T, can be

obtained from the following equation on the basis of assumption 1

T, ' '
= = q‘f(ﬁ) ’ (46)
o o \Pe

In order to determine the thrust augnentation of an eJjector for
the. particular cases of pe/p = 1.0 when no nozzle is used or

Pd./P = 1.0 when a, nozzle is used, the following para.meters must be
known! .
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(a).F1light Mach number, M,

(b) Jet engine preesure-rise ratio, r
(c) Stegnation temperature ratio, T, /T.g

-

() Area ratio at mixing-tube inlet, X
(e) Length~diameter ratio of mixing tube, 1/d.
(£) Friction factor in mixing tube, £

(g) Pressure .ratio at mixing-tube inlet, pa/pJ

(h) Pressure. ratio of air at mixing-tube inlet, p./p

(value for the condition p,/p, of 1.0 for the
case of no nozzle or pa_/]g° of 1.0 for the case

with a nozzle, must be known)

It should be noted that the omimsion of the friction term
involving the parameter £ from the mixing~tube calculations, which
generally affected the absclubte values of thrust augmentetion very
1ittle, might lead to distortion of the trends of the different
para.meter effecte especlally with small mix:lng tubes in which the
veloclitlies are extremel,y high.

The following section gives the detall method of solving the
equations glven heretofore -to determine the thrust augmentation
for given values of the peremeters Just enumerated.

" Method of Solving Equations

Ejector with mix tube_ dischargin ogphere .~ Values
of My, r, T, /T, (if T,5/T, and M, are kmown, Tug/T,q 18
easily determined), X, 1/d, f, and p /py &re first assumed.

Reference to thé preceding llst of parameters showsthat the remaining
parameter required before thrust sugmentation can be calculated
18 Dy/py+ Inm this problem the values of Pa./Po for which pe/p = 1.0

were the only ones used in the thrust deteiminations. From & study
of the general illustrations of figuresh through 8 it can be -
determined that one, two, or three values of p,/p, Wwill result in
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the condition pe/po of 1.0 depending on the values of the funda-

mental parameters. When three roots are obtalned, the highest
value falls on the branch ¢ of the curves that is considered not
significant physically. This point is 1llustrated in figures b~
through 7 at Pe/Po of 1.0. Determination of the valuss of Pa/Po

for which :pe/p0 = 1.0 for each assumed set of the remaining seven

parameters then constitutes the second step of the sclution. This
is accomplished graphically by drawing curves similsyr to those of
figure 6. The branch of the curve on which each ;pa/po value

falls 1s noted. These parameters are then used in further calculations
to determine M, using equation (34%) (positive root), 6 using
equation (42), Te/To using equation (43), Myp using equation (44),

and TJF/To using equation (45). All terms for obtaining the thrust

ratio ¢ by means of equation (41) are then availeble. In the
curves of ¢ +o be presented, notetions on the brenches (a, b, c,
or d) correspond to the notations on the brenches from which the
pa/p o Velues were obtained.

‘Elector with discharge to atmosphere fram nozzle at mixing-
tube exit.- When an ejector with a nozzle at the exit of the mixing

tube is used,only the case of the nozzle-exit pressure egual to
the atmospheric pressure (pg/p, = 1.0) is considered as previously

explained. For this.case it would be supposed that any value
of p,/p, could be assumed end the resulting valus of the pressure
ratio pe/po' could be converted to a pressure retlo Pd./Po of 1.0

at the nozzle exit by proper proportioning of the nozzle. In general,
such conversion is always theoretically possible provided only
thet Hy; exceeds p,. Low values of Pa./Po scametimes result in

this condlition. Certain other values will not give solutions because
they are in a range between two values of p,/p, that result in

choking Mach numbers at the mixing-tube nozzle exit, the phenomena
occurring which prevents such 'pa/po values being possible having
been explained in the general treatment for the case of choking
occurring at the mixing-tube exit. All other values of P&/Po will

gilve sclutions and for each value the same calculations are made as
in the case of no nozzle with the exception of the calculation of ¢
by means of equation (41). Additional calculations of My

(equation (35), positive root), and Ta/T, (equation (46)) are

-~
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required before the thrust ratio can be caloulatede The term D,/p,

in equations (35) and (44) is replaced with (Pd/Po) (Po/Pe)' The
value of .'pd'/po is them egual to 1.0 and p_ /p, 1s determined

during the course of the calculations as explained.

The curves of thrust ratic @ versus pa/p0 for the case of

a nozzle at the mixing-iuwbe exlt willl have branches corresponding
to solutions as shown in the general treatment i1llustrations. Each
Pa/Po valus requires particular nozzles. No atbempt has -been

made to determine nozzle propoftions; For those interested in this
rhase of the problem, formulas are aveilable in meny sources, among
them reference 9.

Conditions Used in Calcwlations .

The. conditions that had to be selected end for which the
calculations of thrust ratlo were made were, as noted previously:
the Mach number of flight M,, pressure~-rise ratio of the Jet unit =,

the upstreem stagnation temperature ratio Tus/Tos s the area ratio X,.
the ratio of mixing-tube inlet static pressures pa/pj ,» eJector

goametry, end the frictlon factor. The ranges of condltions used for
the calculations for turbojet end rem-Jet units and the reascms for
the cholces are given In the following discussion.

Flight Mach number M .- As most investigators hed obtained good

thrust at the static condltion, but the work of Howell end of
Slatter and Bailey in England had shown a rapid decrease. of thrust
augmentation as the airplane veloclty increased, most calculations
of thrust ratio for turboJets with an eJjector without a nozzle at
the mixing tube exit were made over a range of flight Mach number M,

from O to l.k. Calculations for ejectors with mixing=-tube exit
nozzles were made for a typical airplane flight Mach number of 0.8
and for a typicel miassile flight Mach number of 2.0. The calculation
for ram-jet units with ejectore both with and without mixing-tube
exlt nozzles were made for flight Mach mumbers of 1.4, 2.0, end 3.0.

Pressure rilse.and upstream stagnetlion temperature ratlos (r
end Tg/T o)+~ The effect of eltitude, alrplene velocity, end Jet-

wmit downstream pressures and temperatures asre combined in the
paremeters r, T,o/T,, end M,. The temperature retio T,s/Tos
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depends upon Tus/To end M,. The pressure-rise ratio r of the
Jet uvnlit and the temperature ratio Tus/T were varled over whet

are considered practical values of turbojets at present to values
nov being considered (r from 1.5 to 12.0; T,g/Tq from 3 to 9)

for.the calculations for eJjectors with no mixing-tube exlt nozzle.
For the calculations for ejectors with the nozzle, the extreme
velues of r and Tyg /To given in the preceding statement were
used.

For the calculations using ram-Jet units, r was assumed
equal to 1.0; that is,no pressure drop a.cross the wit would be

. obtained. The Tue/To ratio for these wnits was obtained by assuming

the air-fuel ratio. An air~fuel ratio of 15 was chosen for the ram
.jet caleulations with and without the ejector with a flow rate
through the Jet wnit equel to Mye This valus, which is near the

stoichlometric mixture, was chosen because there is little doubt
that the maximum thrust of ram Jets will be obtained in the
stoichiometric mixture renge. The practical side of the possible
use of the high temperatures that will be obtalned at low air-fuel
ratios is not considered pertinent to a theoretical report. The
term T, /T, for the rem-jet calculetions equals (Tos/To) + (AT/To) »

The first ratlo was determined from the flight Mach number using
equation. (30). The temperature T, was obtained from standerd

" altitude tables (reference 10) for an altitude of 30,000 feet. The
temperature risse AT was dsrived from chemical. com'bustion a.nalysis
. nowing the air-fuel ratio.

Arsa ratio X.- A ratio of area through which the secondary salr
flows at the mixing-tube inlet to the Jet-nozzle exit area X of 1.5
was used for most of the celculations for sjectors with no mixing-
tube exit nozzle in combination with turbojet vmits but a range of
X values was used with the extreme values of r and Tug/To. A

ratio of arees of 10, which 1s considered impractical from & con-
struction standpoint was also used for the static condlition only to
determine the trend of thrust ratio with area ratio past the practical
range. Values of X of 1.5 and 6.0 were used in the calculations
for glectors with mixing~-tube exit nozzles in combipation with turbo-
Jet units. The latter two values were also used in the calculations
for ejectors both with and without mixing-tu‘be exit nozzlee in
combina.tion with ram-Jet units.

. Mixing-tube inlet static pressure ratio Pa/P ;e 1" l'rhe pr'e.ssure

ratio Pa/P,j as brought out in the theory, can have a range of
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values depending upon the upstresm-nozzle design except for the case
of both Mach numbers at the inlet being subsonic for which case it
18 expected that Pa/pj would be equal to 1.0. For a given set of

perameters other than Pa/Po and. Pa/Py there are numerous ccm-
binations of p,/p, end p&/pJ for each branch of a set of curves

like figure 6 that will result in a P,/Po ©OFf 1+0. For the purpose
of the present problem,all the combinations of pa/p 3 end Pa/Po

that result in & p,/p, of 1.0 were not used to obtain the thrust
ratios. A pressure ratio pa/p 3 equ,al to 1.0 was used for almost &all

calculations, wvhich simplified the problem appreciably. As noted,
this is the only ratio that will pro‘ba.‘bly exist when M, and M J are

both less then 1.0. One set of calculations were made » however,
varying Pa/P 3 from 0.2 to 1. 4 at & low and ‘high free-stream Mach®

number to determine the effect of this parameter on 'bhe thrust ratio.

Blector geomegc_'z 'I'he mixing tube in a:Ll caseB was assumed to
be a cylinder. ‘A length to diameter ratio 1/d of 10 was used in
all caelculations because experiments had indicated -that ratios of this
order of magnitude or greater were needed for complete mixing, on
vwhich basis the theory was set up. By using & mixing tube with no
nozzle at 1te exit,it was »ecognized that inferior results would be
obtained in some cases due to shocks developing in the tube. It wes
considered a logical first step, howsver, to explore the possibilities
of such a simple device as regerds thrust augmentation. The logical
second step, which was mede, was to determine the possibilities of
eJectors with nozzles at the mixingrtube exit. The nozzle geometries
for the required conditions were not determined, as explained previously ;.
because they were not. psrtirent to the. purpose of the problem. _

Friction factor.- A constant value of f;ciction factor ¢ of 0. 0035
vas used throughout the calculations. This value represented an .
average of the values for the flow conditions and’ changing 1t changed
the end results very little.

The majority of the results worked up were for the case of
sjector-turbojet combinations. A few conditions were chosen, hovever,
so as to obtain a brief study. of the, effect of the addition of an _
ejector, with and without a nozzle at the mixing~tube exit to an air-
Plans or missile with a simple rem-Jet unit from a thrust standpoint.
A secondary purpose of such en installation is the efficacy of the
secondary air for cooling purposes when such cooling 1s requlred far
structural reassons for supersonic airplenes and missiles. It is possible
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thet a simple rem Jet ocoupying the same space and using air-flow
guantities equal to the sum of the actuating alr and the secondary
air and fuel guentities equal to those of the eJector-equirped
ram jot would give more thrust and have a better efficiency than
the latter unit, although the former umlt would not perform the
cooling function mentioned. A few simple comparisons were made

to determine this effect. The ratio of thrust of the large ram
Jet with an air-flow rate equal to (m, + m,d), and the emall
rem Jet with an air-flow rate equal to my,; both without an

ejoctor end with the same free-stresm velocity, was determined
from the formula: Co

- " leat 1 t }
(Over .all efficiency X Hea “Anpy )Large rem: ot

= -
(Over-all efficiency X Heat input)

Bmall rem Jet

The ideal over-all efficiencies were obtained using a formula given
in refersnce 11l which involved the combustion temperature rise AT
and soms of the conditions given -in the table for the ram-Jjet cases.
The combustion temperature rise was determined from the fuel-alr
ratio by the method given previously. For the large ram Jet, the
air-fusl ratio was determined using the seme fuel guantity as the
small rem jet and the large air gquentity. The mass of alr flowing
through the ram Jet times the product of c::p end AT gave the

heat input. 'i‘he ideal case of no loss ecross the biurner was used
for all ram-jet calculations. C

Laboratory tests under static condltions .indicated good thrust
augmentation with an ejector (reference 5). Most of these tests
were made with compressed air and with very great ranges of mixing-
tube inlet-aree ratios. Consequently, conditions were chosen to
gimulate some of those in referende. 5 as closely as could be
ascertained from this reference in order to determine whether the
large thrust gains obtained experimentally were indicated by the
theory end if the use of compressed aiy instead of hot alr as the .
actuating gas had a beneficial effect on the thrust.

The sets of conditions for which the caloulations of thrust
ratio wers made and which were discussed In the Poregoing sections
are listed in table I at the end ‘of the report. :
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Thrust Augmentation of Turbojet Units

Mixing tube discharging to atmosphere (pe/po = 1.0} .~ The

thrust augmentation for a rangs of .flight Mach numbers from O to 1.k
with a low ratio of secondery~eir area to ares of Jet-nozzle exit
at the mixing-tube inlet (X = 1. 5) for several pressure-rise ratlos
end heet imputs representsd by /T of the actuating Jet 18

given in figure 9. All calcula'bions for this figure are Por the
conditions pe/p and ]g:&/p‘1 equal to 1.0. Figure 9(a) gives

results at four pressure-rise ratios with a low heat Input
(Tys/To, 3:0). Pigure 9(b) end 9(c) give similar results for T,./T,

values of 6.0 and 9.0, respectively. "'Sectione of the curves are
labelled a, b, c, and 4@ in order to shgw which branch of curves
similar to those of figures &k to 8 each point of the curves of
figure 9 will fall on for the.condition pe/p .= 1.0.

From the curves of figure g(a) 1t 1s evid.en'b that for low flight
Mech numbers end pressure’ only one point in'a &6t.of curves such as
those of figure L would have & value of pe/po of 1.0 and it would

be on the & branch. As the flight Mach number increeses, the
velocity through the ejector increases’ until the condition Pe/Po

of 1.0 is obtained £ér three values of Pefp, (om e, b, end c 'branches

of curves). This result gives three veluss of thrust ratio as shown
in figure 9(a) for r of 1.5 at high £light Mach mumbers. The
reasons for the curves at other conditions in figure 9 having the
shape given can be derived from ‘the general illustrations in like
manner. The points of intersection of- 'branches ¢ and 4 of sqme
curves of figure 9 and sufbsequent figures 1ie the po:lnt of choking ,
et the nixing-tube exit. : _ o

i '#|I| 1i

A study of figure 9 shows' ’chat generally thrust augnentation
is obtained only at very 1ow Fifght' Mach mubers, although for one
set of conditions (r =64, T uB/T ='9;  figure 9(c)) this doés not

even odcur. The d.-c con‘binuous curves ha.ve the downward then

upward trend obtalned by others ms Plight Mach number increases, but

for -the moat part at high Mach numbers, .thrust augmentation is shown

only by the c branch which has been.congidered physicelly not -

possible. TurboJet engines with low heat input appear to benefit -
the most by using the ejector. At low Flight Mach numbers the low

Pregsure-rise ratio engine is benefitted more by using the gjector

then the highsratio engine. At high Mach numbers the thrust of the -
engine without the ejJector was decreased less when the ejector was

used at high pressure-rise ratios than at low ratios. The greatest
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thrust augmentation obtained for all corfdﬂ,tions shown in figure 9 wes
ebout 7.5 percent for the static conditions with'an r of 1.5 and
a. Tus/Ty - of 3.0. This thrust increase decreased rapidly as the

flight Mach number increased until at M0 of about 0.17 the thrust
with the ejector was egqual to the thrust without the ejector. '

Over smell ranges of Mo in figure 9 for soms conditions only

the thrust ratio for the c branch of the curve ie obtained which
is considered not physically significant. The conditions that are
expected to be obtained in the mixing tube for such flight and
actuating- jet conditions are those cn the 4 brench with pe/po

being other than 1.0 and depending on the flight Mach number. For .
this result, a thrust-ratio formule other than that given would be
required to calculate the thrust augmentation.

Curves similer to those of figure 9 are shown in filgure 10 for
the extreme. valuss of pressure-rise ratio and temperature ratio used
in figure 9 and for arsa ratios X of 3.0 and 6.0. The same trends
with veriation of M, r, end T, /T, noted in figure 9 for X

of 1.5 are apperent in figure 10 for the higher area ratios. In
general, thrust ewngmentation is obtained only at very low flight Mach
numbers but the values are a 1little higher than those of figure 9.
Thus at X of 6,  r ‘of 1.5, and T,g/T, of 3.0 the thrust ratio

for the static condition is a little greater them 1.2. (See fig. 10(a).)
At the low pressure-rise ratio and high temperature ratio (fig. 10(a))
some thrust augmentation is obtalned at values of M, from about

0.7 to 1.0; at the latter Mach number sbout 10 nercent increase in
thrust being obtained for area ratios of 3.0 and 6.0. The latter .
.condition is an isolated instance, no thrust increase being obtained
"for a greater part of the range of M, in figure 10.

.The results of figures 9 and 10 have been cross plotted in
figure 11 to determine the effect of area ratio X on thrust ratioc
for four constant flight Mach numbers (M, of O, 0.6, 1.0, and 1l.4).

The thrust-ratio scales are very small but the general .picture of
effect of X for extreme values of pressure~rise ratio and temperature
ratio was desired in one figure for easy coamparison of trends rather
than exact values of thrust ratio. It 1s very evident from figure 11
that for the flight Mach numbers chosen, thrust augmentation is
obtained only at the static condition, the greatest amount being
obtained at r of 1.5 and Tus/To of 3.0.

The curve for the static cond.ition for r of 1.5 and Tyg/T,

of 3.0 in figure 11 has been replotted to a larger scale in figure 12,
together with the thrust ratio for an area ratio of 10 and the same
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conditivns of r end Tus/To+ This curve was drewn to obtain a

better 1dea of the thrust increases end to ascertain whether the
increasing trend of thrust ratio with increaese of X continued past
X of 6.0 Figurs 12 shows that the thrust ratio continues to
Increase over the range of X shown being 1.075 at the lowest point °
end 1.28 at the highest point. The appreciable increases noted do
not persist, as 1llustrated previously, at high flight speeds. For
lov pressure-rise ratio and high heat Input it can be deduced from
figures 9 and 10 that for flight Mach numbers between 0.8 end 1.0

the trend of. thrust ratio with X is opposite to that shown in
Tigure 12. The pressure-rise ratios pe/pa ¢corresponding to the

thrust ratio values have also been plotted in figure 12, the trend
wvith X being opposite to that of the thrust ratios. The p,/p,

retio is a measure of the pumping effect of the ejector.

The results of the calculations to determine the thrust ratios
using compressed air as the actwating ges and compare them with
values using hot gas are given in figure 13. At the siatic condition,
the thrust ratio with the hot gas is l.25 compaered to 1.31 with the
cold gas. The conditioms giving the latter value simulate those of
the test made in reference 5 as closely as possible with the exception
that 1/d of 8 was used in the tests and 1/d of 10 in the
theoretical calculations because the latter value is recommended for
- perfect mixing which is postulated in the thesorye. Any difference In
results due to friction through the small difference in 1/d should
be negligible. The test in reference 5 gave a thrust ratio of 1.28
compared to the theoretical velue of l.31. Comperison of an
experimental value in reference 5 and a value celculated from the
theory for the same conditiomns as those for the previous comparison
between theoretical and experimental values except X was 64
instead of 10 showed a difference of about 6 percent (1.52 experimental;
1.43 theoretical). From the brief comparisons given it is qulte
probable that the theory will give results that will be falrly accurate
in the raenge of area ratlios.that are practicel for eJectors for Jet-
propulesion engines. As the flight Mach number increased, the results
in figure 13 show that the cold gas glves better thrust increases
up to M, of 0.17 after which the hot gas gives superlor results.

The results of filgure 13 illustrate the importance of using hot :
actuating gas In eJector experiments. The high thrust values obtalned
in laboratories can be attributed in no amall measure to the use of
compressed slr for actuating gas and in great measure to very high
values of X. ' | .

The assumption of uniform pressure, equal to p, at the mixing~
tube inlet was used in the results of figures 9 through 13. The effect
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of nonuniformi‘by of pressure at the inlet Pa/P,j not equal to 1.0

on thrust ratio over a range of ratio of pressurs of air to pressure
of gas at the inlet i1s shown in figure 1h. The two curves shown,
onte for low flight Mach number and the other for & high Mach number,
were both calculated for the temperature~ratio condition Tus/T

equal to 9.0. At the low flight Mach number the variation of thrust
ratio was negligible over a wide range of pressure ratios greater
and less than 1.0 (pa/'pJ from about 0.6 to 1.4). For the same

pressure~ratio range at the high flight Mach number the thrust ratio
decreassed ebout 17 percent. The renge of Pa/PJ was chosen to

exceed the range of practical interest. Consequently, it is thought
that the trends of thrust ratio with variation of the fundamental
parameters obtained with pg/p 4 of 1.0 will be affected little.by

practical changes of 1g/p 30

Nozzle at exit of mixing tu'be-(pa_/po = 1.,0) .~ The thrust aug-

mentation obtained with ejectors with a nozzle at the mixing-tube
exit for a flight Mach number’ M, of 0.8 and Por the extreme values

of area rqtio X, pressure-rise ratio r, and temperature ratio Tyg /To
used in figures 9 and 10 is given in figure 15 ovér & range of pa/p o

values. In ell calculations the p&/pJ and pa/p, ratios were 1.0.

The reasons for the type of curves obtained, four branches with sgme
conditions setting up e range of pa/p values for which no solutions

were obtained, has been discussed in the sectiom on selection of
conditions. For the cond.iticms of figure 15, the use of an ejector
with & mixing-tube exit nozzle provided no thrust increase over the
entire range of pa/po values for the solutions that ere considered

physically significent.

The thrust augmentation with an exit nozzle at a flight Mach
number of 2.0 and for conditions that are considered average for
turbojet engines with ejJectors are shown in figure 16. Agein no -
thrust increase was obtained when the elector was added for the solutions
consldered physically significent. Inasmuch as it has besn shown
that the ejector was more beneficiasl at low pressure-rise ratios r
than at high ratios it was thought that decreasing r from 6, the
value used in figure 16, to 1.5 might result in some gain in thrust
all other conditions of figure 16 remaining the same. Consequently,

a calculation of the thrust ratio for these conditions at a Pa/Po

value of 7 using a mixing~tube nozzle on the ejector was made. The
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thrust ratio was 0.98 compared to 0.83 for the same pa/po value

shovn in figure 16. The thrust increased appreclebly but still wae
less than that for the case. of no ejector being used.

Mixing tube dlscharging to atmosphere ,(pe/po > 1.0) «- In the

general treatment of the flow in the ejector it was noted that with
subsonic flight speeds p,/p, could be greater or less then 1.0 if

the flow at the mixing-tube exit or mixing-tube nozzle exlt was
supsrsonic and the solution would be physically significant. Also,
for a supersonic flight speed, the condition 1s extended to include
subsonic flow at the mixing-tube exit or mixing~tube nozzle exit.
Two isolated sets of conditions were chosen to calculate the thrust
retlio for the case of an ejector with the mixing tube discharging to
atmosphere but with p./p, ereater them 1.0, to show the application

of the general treatment to this case and to determine the posslibilities
of thrust augmentation. It is realized that no over~all conclusion

as to the benefit deriving from using ejectors for such conditions

can be made, but a trend can possibly be noted.

On the basis of & formula derived- by Paul Re Hill of the Lengley
Pilotless Aircraft Research Divislion for thrust when the exit
pressure does not equal the atmospheric pressure, the. thrust ratio

formula when pez Dy using the mixing tube only was found to be

_[_. B

T
M, (=& - M, _
T Pe_)
g' = (6 + 1) +11 %%, /73 (x”)(_’i&? oA
M ..:iF_-M 7 M Pa Py ¥ %o M ?ﬁl M
Fif T, "0 JF To- o

Where @' is the thrust ratio when p, does not equal p, and Ty/T,

can be easily determined using equations (27) and (30). When
pe/po = 1.0 eguation. (47) reverts to equation (41). For the

following sets of conditions,
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Condition| My | X |Tye/Tog | Dafp, [Pa/Py]| T

43 1.211.5) 3.0 22 | 1.0 {15

hi 12 |1.5] 3.0 8 1.0 | 6.0

it was determined tﬁa'b the thrust ratio wes 1.9 for r of 1.5 and
0.88 for r of 6.0. In both cases p./p, wes greater thamn 1.0.

The Pa/Po chosen for r of 1.5 gave a solution which was on the

4 branch of the curves (subsonic flow at mixing-tube exit and inlet)
whereas the other solution was on the b branch {supersonic flow
at mixing-tube exit and inlet). The thrust ratio obtained for the
one set of conditions 1s apprecisble and shows promising results for
the cass of using only e mixing tube with no nozzle at its exit. It
cen be shown, however, that when M, 1s supersonic end p /p, 18

greater or less than 1.0, additlon of a nozzle at the mixing-tube
oxit with pg/p, equal fo 1.0 will increase the thrust of the

Installation with sjector without the nozzle.

The fact that from the present theory for the seme inlet conditlons
two physically posslble solutions arse obtained, one on the & branch
end one on the b branch of the curves, has 'been discussed fully,
the causes for such solutlons and the determination of actual flow
belng given. This point especially arises for the case where Pe/Po

does not have ito equal 1.0, the flight speed being supsrsonic.

For frictionless flow and on the basis of the momentum equation
it can be shown that the thrust with the sjector cem be calculated on
the basis of mixing-tube inlet conditions instead of the exit
conditions. Inasmuch es the friction térm was also based on the
secondary=-alr inlet veloclty, the thrust with the ejJector can be
calculated in the present report on the basis of inlet conditioms
even with friction. As the same inlet conditions serve to give two
sets of conditions at the exit, & and b branches, it is obvious
that the thrusts for both sets of conditions are equal. Consequently,
from a thrust stendpoint, which flow, a or b branch solution,
will occur ls not importent.
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Thrust Augmentation of Rem~Jet Unlts

Mixing tube discharging to atmosphere (p,/p, = 1.0).- The

results of the calculations to determine the thrust augmentation
obtained by using ejectors with no nozzle at the mixing-tube exit
of rem-jet power units are given in the following table for three
suporsonlc flight Mach numbers at a low and high-area ratio X.
In the calculetions the pressure at the mixing-tube inlet was
agsumed to be wniform and equal to P, (pa/'pJ = 1.0).

Flight Mach| Thrust | Branch of general curves
Area ratio number ratio | on which s<.:>1ut.ion fall.s
X M o
1.5 1. 12 | et
2.0 | =1.k0 |- a
52 b
1.81 St
3.0 1 ~2.45 a
.60 b
2.07 - ot
6.0 | 1.# -3.45 a
- Th b
1.59 ot
2.0 ~6.29 . a
=13 b
2.67 ot
3.0 -8.83
-.12
3.50 ct

Jgonsidered not physically significent



'NACA BM No. L6123 43

The ‘results in the table show that over the range of conditions
given the only solutions showing augmentation of thrust ere those
for the ¢ Dbranch of the curve which 1s not conslidered physically
attainable. The c=branch results show values in the range of
calculeted results of other ejector resports at high flight speeds.
Very probebly thess other results have the same physical
limitations as the present resulis. The discussion glven in a
previous section where flgure 9 results were presented on the flows
that will actually be cbtained for a p,/p, value that results

in a solution on the ¢ branch of the curves applies again here.
The pressure ratio 'ne/p for the actual flows would be other

than 1.0 and equation (47) would be used to calculate the thrust
ratio. The thrust ratios calculated by means of equation (47) for
the actwal flows, which it ig thought should be used in place of .
the c¢=Dbranch thrust ratios given in the foregoing table, would
posslibly show that the ejector aided the thrust. Also, for some
other inlet conditions (pa/po valuye) for which p,/p s vas not

equal to 1.0, which is physlcally 'possible for all three branches &,
b, epd 4, of the curves because the flight Mach number is super-
sonic, might show & galn in thrust through use of en ejector. No
calcu_‘l_ations of thrust ratio for the conditions discussed here were
made becausé the thrust-augmentation problem is only given to

L 11luetrate the application of the comp'"essi'ble flow treatment and
the work was purposely limited.

Nozzls at exit of mixing tube (pg/Py = 1+0) - The thrust

. augmentation of ram-jet umits obtained with a nozzle placed at the
-exit of the mixing tube of the eJector for f£light Mach numbers of 1.k,
2.0, and 3.0 at two values of area ratio, X of 1.5 and 6.0, is
given dn figure 17. It 1s apparent from the flgure that the thrust
aungmentation obtained for inlet conditions such that the & branch
of the curves 1s appliceble 1s appreciable. The thrust ratios for
the condition of subsonic flow at the inlet and sonic at ths sexit
of the mixing tube (lower limit of 4 branch) obtained from the
figure are given In the following table.

Ares, ratio | Flisht Mach number | Thrust ratio
X M% g

1.5 . 1.4 1.34

- 240 1.33

3.0 1.29

6.0 1. 1.36
2.0 - 1okl

340 137
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As pa/po increases above the value for which choking occurs at
the exlt the thrust ratio increasses somewhat. At the upper Pa/Po'

limit, for instance, at M, of 1.b and X of 6.0 the thrust

ratlo is ebout 1.7. The results shown give promise of improvement .
of performance of airplanes or missiles at high speeds by applying
eJectors when the mass of fluld flowing through the ram-jet unit

" without and with the ejector is the same. The practical aspects

of providing metals or cooling to withstend the high temperatures
downstream of the Jet unit that exist for the conditions given are
problems not considered herein. Experiments by other Investigators
with supersonic nozzles have shown that the "thrust of Jet-propulsion
devices 1is decreased little by cutting off the end of nozzles placed
at the exit of the Jet unit. This cen be shown to be true only for
low supersonic Mach mumbers at the nozzle exite Consequently s 1t

is possible that the thrust augmentation with no nozzle &t the
mixing-tube exit for those cases discussed in the preceding section
on ram-Jjet units for which the nozzle exit Mach number does not
greatly exceed a value of 1.0 would be only a 1little less than the
values given in the preceding teble.

Comparison of thrust sugmentation of emall ram Jets with
electors and large ram Jets without electors of equal externsl
frontal arweas- The ratio of the thrust of the large ram Jet without
an ejector to the thrust of the small rem jJet with an ejector, using
the sams fuel guantity in each case but with the ccmbustion alr flow
In the farmer case equal to the sum of the primary and secondary air
flow in the latter case, are given in the following table. For these
conditions with all air taken in at the front of the installations
and for the same altitude in both cases, the frontal areas of the
setupe have been assumed equal. The table in effect gives the ratio
of thrusts obtained by either enlarging the Jet area or increasing
the area the same emount by adding an sjectors

Area ratlo | Flight Mach number | Thrust ratio
1.5 1 | "~ 180
2.0 " 1470
3;0 1456
6.0 Sl ' 2.12
2.0 2,01
3.0 1.82
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From these results- it is evident that the thrust of a small ram jJet
can be increased more by enlerging 1t than by adding an ejector with
& nozzle at the mixing-tube exit. The rem- jet with the elector has
the advantage of the cooling action of the secondary air which is
Importent at 'the high temperatures encountered., An advantage of the
large rem-Jet is that because of ite low fuel-ailr ratio the dissocia~
tion losses are low and, consequently, the heat input as well as

the efficiency is higher then for the small ram Jets If it had been
postulated that the secondary air for the ejector would be teken in
at the rear of the. installation so that the frontel area of the small
ra.m-,jet installation would be less then that of the large rem-jet
installation, it is thought that the thrust increase due to emaller
installation size would not have overcome. the large increase of
thrust wvhen the large ram Jet is used.

' GENERAT, DISCUSSIGN

" The foregoing sections ha.ve given the general treatment of
compressible flow. in an ejector and en application of it to a particuler
problem. The ietter work was not complete a8 1t was not the obJect
to explore the possible application of gjectors to Jet-propulsion units
thoroughly. The present section has been written with the object of -
glving a brief outline of the methods of epplication of the theory to
soms other problems, a summary picture of the possibllities of the
“e,jector as a thrust device for Je‘b-propulsion mits, and some fubure
work needbd.

Outline of"Me{chdas of Applying the Generel Theory
.to Some O'bher Problems

P1__Jz_n3___g Tb,e eJector as a cooling augmentor operates a8 & pump
to ceuse 'air to flow from & region of low pressure to one of high
pressure at the ejector. exit. The region of low Pressure-cen be &
space ‘beh;lnd. ‘an air-cooled. internal-combustion engine or the exit -
of a duct passing ‘around a .Jet-propulsion engine, the air passing
through the duct cooling the surface. of the metal enclosure around
the engine. As a pump the ejector shows promise, but the practical
aspects of the problems, such as structural fallure due to vibration,
are difficult to overcome. The ejector has been explored. more
completely from the standpoint of cooling augmentation. of intermal-
combustion engines then for any other purpose. A theory for the
latter purpose and some. experimental results have been given by
Ma.nga.niello a.nd. Bogatslqv 4n referencd 12. In the present section,
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the general theory has been applied more specifically to the

problen of Jet engine cooling where compressible effects are more
liable +to occur. The theory presented below can be applied hovover,
. %o intema.l-combustion engina cooling.

Fron cool:[ng theory it cen be shown that -when asn ejector is
used on an englne the ejector peremeters H,/Dy, E,/Pys Tyg/Tass
and .0 are fixod for glven conditions of altitude, flight speed,
- engine power, Fuelw-air ratio, and engine or metal surface tempesratures.
The problem resolves itself into dstermining the area ratio X
end Dgfp, for the paremetors X /po, Bu/po, end T, /T such

that the desired ratio of air masses’ 6 is obteined. The 'bota.l
pressure Hu end. stagnation temperatures T are the conditions

of the exheust gas downstream of the engins. From the general .
theory it cen be shown that with & pressure ¥, at the inlet and

if p /pJ is essumed equal to 1.0, the cooling design problem is

solved by plotting Dpg/p, end © versus Pa/p, for renges of the
‘latter from O to Ha/Po for the conditions given and for soveral

values of X wsing equations (26), (29), (31), (32), (33), (36),
(37}, =nd (38} to dstermine Do/, and 6. In the equations the

"Pa/PJ, 1+ X é' 1 M, , us/Tos: end r ‘terms &re replaced with 1.0,

(Ba/p5) 7 Tus/Tas’ end HE,/H . respectively, wherever they ocour.
The eJoc’cor‘d.esign X 1is chosen from the sets of curves for each X
such that 6 1s obtalned for a physically significen{ solution.

Thrust apsmentatio nte ~gomb ines.~
problem of attaching ejectors to exhaust plpes of in'bernal-

cambustion ongines ‘to augment the ‘thrust of the propeller-driven

airplane has been considered from time to time. Some thrust

incresse has been obteined ih some cases (references % and 13).

© If Intermittent jet effects are disregarded, the determination of

the Tlow conditions thet will exist in the ejector can be

accomplished by using the general treatment in exactly the same

menner as that used in the problem glven as an oxample in the

*  present report. The thrugt-ratio equations will be somewhat
different; however, from those glven for that problem.

- Future Explorations of Ejector Problems .

For the conditions, studies and neglecting duct losses up. to
the ejoctor and extra outside losses due to the ejector, the present
calculations showed thrust augmentation of Jet-propulsion units
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for some isclated cases. The extreme limlite of thrust ratio
obtained for each set of conditions listed in teble I or in the
speciael table for which Dpg/P, was not 1.0, are given in teble II.

In general, thru.st increases were obtained at take-off when the
eJjoéctor was used and for high subsonic flight Mach numbers when the
pressurse-rise ratio was low and heat input high. The effect of
increase. of the arse ratio X at low Mach nurbers when thrust
.augmentation wes obtained was to increase the thrust with the elector,
but, in seneral the reverse was true at high speeds vhen the mixing
'bu‘be ‘only wes uvsed. Except for teke-off thrust augmentation, the
only thrust avgmentetion that gave promise of increasing the per-
formence ‘of Jet units appreciebly was thet cbtained for ram-jet

units at supersonic fiight speeds using a nozzle at the mixing=-tube
exit. | The effect of an incresdse of X <for the latter cases wes 1o
'incressé the thrust, which effect is opposite to thet given for
“some con&ition_s wi’ch mixing tube alone at high subsonlc speeds. It
wes also shown, however, that & large rem Jet using no more fuel
'bhan the emall ram Jet with the ejector would glve more thrust then
the le.tter power plant. Where cooling or boundary-layer control
is required in eddition to thrust increase, however, the use of
ejecdtors with smsll rem Jets is desirable.

Although the addition of en sjector did not show greet promise
of performance inerease of Jet-propulsion uwnits from the limited
study made herein, further work should be done to explore the
performance to be obtained for greater renges of conditions including
those for which physical soliitions are possible when the pressure
at the exit of the mixing tube p, and at the exit of the mixing-

tube nozzle pg do no_’c_'equa.l the- atmospheric pressure. There were

indications as pointed out in the report that such condlitions may
be beneficilal to performance. The use of & method of analysis
whereby the velocity of the airplane is constant with and without
the ejector, which postulates a chahge of airplane size because

the thrust changes, and a change in the size of the Jet nozzle when
the ejector is used to obitain the same mass of gas as when the
ejector 1is not used, may not be ‘suilted” to all purposes. A method
of anslysis other 'bhan 'bha'b given would be needed for each specific
pro‘blem. o

Inasmch as differences between results calculated from the
rresent theoory and experimsehtal results werxe generally much less
then those given heretofore in the literature, the epplication of
the theory to other problems can be made with greater confidence.
The pumping problem should be explored, especially with'regerd to
renges of cohditions asg exist for cocling of Jet-propulsion instelletions.
An sdvantege of tse of the ejJector Is the possibility of noise reduction
to be obtainéd by its uses which is‘-éspecially mportan‘c on commercial
airplenes with the rapid growth of airports around communities that is
expected.
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Fundamental work of a theoretical and experimental nature on
the mixing of gases should be made. which will have epplication to
all problems of ejector application and to other flow fields. Some
work exists on the mixing theory. (references 1, 2, end 14) which should
be followed up to obtaln.a more complete 'bheory. The existence or
nonexistence of flow conditions which were guestioneble in the fore=-
going snalysis, such as verious combinations of supersonic Mach mmbers
at the mixing-tube exit and supersonic-and subsonic Mach numbers of
the primary gee and secondary air at the mixing-tubs inlet, should be
determined, as the performance to be optained for some flows is
; apprecia.’ble. The work should.be ex'bended. to include multielectors as
well as single ejectors becauge most. experiments show the former to
be superior with respect to thrust augmentation. The efficiencies
of the systems as well as the. thrus‘b -augmentation should be included
in order to cobtain the over=-all pioture of the use. of ejectors. The
- experimental work should be. done with heated augmentation ailr end for
conditlons other than ste,tic 4n case good 'bhrust increases are
indlcated by further exploration.. The prac'bical problems involved
because of vibration. and high temperatures will also require much
experimental work. . _ o _ _

The lawnching of such '_orogra.ms as outlined. depends on further
exploration of the ejector possibilities fox which the present general
treatment wasg derived as the first step in such exploration and as
the primawy obJect of this report. :

CONCLUDING REMARKS

1. A comprohensive treatment of campressidble flow in single
ejectors with straight circular mixing tubes hes been developed
which has led to a method with certain limitetions which pexrmits
calculation of physical conditions in ejectors of varying geometries
for sny set of flow actuating conditions.

2. Certain assumptions, for example, ‘the perfect mixing of
the flulids in the mixing tube mre of gquesticnable velidity. It is
thought, however, based in part on caelculations made, that for .
rractical purposes satisfactory agreement between celculated and
experimental conditions in an ejector using the . pregent theory
will be o'b'bained.

3. _The- general 'bhéory can be applied" to any problem concerned
with pumping or thrust augmentation to be obtained through use of
ejectors, as all such problems involve ]mowledge of physical
conditions in the e,jector, p

Lt LA M L I
e - e 0N
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4., From the example used to show the application of the general
theory to the problem of thrust sugmentation of Jet-propulsion
englines with addition of single ejectors whose geometry wes varioed
" to obtain ideal conditions through the flight renge, it wes
determined over a limited range of exploratory conditlons that
generelly at take-off but otherwlse only in isolated instances for
certain combinations of flight end engine conditions was the thrust
increased. The thrust was often decreased rather than increased
when the ejector was added.

5. If an ejector with a nozzle at the mixing-tube exit is
added to & ram-~jet Installation operating et supersonic flight speeds
for the direct purpose of using the secondary air for cooling or
boundary-layer control, goad thrust augmentation is cobtained as an
indirect result. For the direct purpose of thrust augmentation,
however, more thrust is obtained with a large ram-jet instellation
without an ejector whose mass flow rate 1s egual to the sum of the
primary and secondsry flow rates in the sjector setup. '

6. TIn the calculations it waes necessary to rule out certain
solutions that were considered physically impossible and for which
very optimistic thrugt-sugmentetion results were obtained. Previously
reported optimistic calculatbted results of other investigators very
probebly are based on such physiocally impossible solutions.

T+« Although the calculations in the example showed only
isolated instences of thrust augmentation of Jet engines through
uge..of ejectors, no conclusion as regards their use for this
purpose cen be made until the problem is explored Ffor greater
rangas of c¢onditions than those used in this rveport which were
limited because the object of the example was only to show the
epplication of the theory.

8. On the basis of the present work and work.of others om
pumping, the ejector shows some promise so that more exploratory
.work using tho present theory to determine performance results for
other problems end fundamentel experimental research to determine
mixing processes ars warranted.

Langley Memorial Aeronauticel Leboratory
Natlional Advisory Committee for Aeronauntics
-langley Field, Va.

~
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TABLE I
CONDITIONS USED IN THRUST AUGMENTATION CALCULATIONS
Condition| Type of | )Vd | X Mg r Ty’ To Pa/Pj Ejector Air-fuel
untt construction xatio
] 1.5
2 3.0
3 6.0 3
4 12.0
S 1.5
6 30
= 1.5 0 6
8 120
g .5
10 - 3.0
H Turbo- 0-1.4 6.0 J 1.0 Straight
2 Jet 2.0 circular
i3 30 3 mixing
14 6.0 . tube
1.5
5 30 9 :
{6 60
7 30
18 60 12.0 3
19 30 ) e
20 60 )
21 10 10.0 o 1.5 3
22 6.0 |04andi4| 120 9 02-14
23 Laboratory 10.0 - 1.038
24 test 10.0 0-0.8 3f,30, 463
25  |simulation 640 0 ° [.1.038
26 1.5 1.5 | 3
27 Turbo- 0.8 12.0 Q Noz-zle at
28 . 1.5 3 mixing-tube
Jet
29 6.0 12.0 9 exit
30 2.0 6.0 3
3! 1.4
32 .5 2.0 1.0 Straight
33 3.0 i circular
34 .4 mixing
35 6.0 2.0 T eAT tube
36 - 3.0 os *
37 Ram jet i 1.0 T 15
38 1.5 2.0 Nozzle ot
39 3.0 mixing-tube
40 [.4 extt
41 6.0 2.0
42 3.0

* Ho = 2li6 [1+02ME] 52
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RANGE OF PHYSICALLY POSSIELE THRUST RATIOS

OBTAINED FOR EACE SET OF CONDITI(NS USED

Condition

Range

of thrust ratios, ¢

PO/PQ or pd/po = 1.0

.PQ/PO > 1.0

R.);:S\OCD-QO\UI-F‘(» ol o

-2,02
-1 '32
- .99
- -52
- -82
=59
- .hs
- 038
- 027
- 027
- 022
- om
'3 052
"6 u5h
-1 000
-2.79
~1.22
'2 -Oh
-.39
- .&9

Mg, Ok 91
My, 1.4 56

"9 000
+35

- ‘90

-.26
-k .85

- c@
-3 066

Selution on ¢

=1 Jl-O
‘2 -4‘5
=3.45
~6.29
-8 -83
~2.10
-1 -ll-O

- .65
-8 -60
"'2 -l"l
‘3 -88

1.07
l .w
«93

G
1 005

8§88 88 85 8888858888838888¢8¢88¢
[
=

to =.12
to 1.51
to 1.43
to 1.33
to 1076
to 1.64
to 1-#7

1.29
.88

NATIONAT, ADVISORY
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Figure 1.- Jet-propelled airplane illustrating installation of ejector.
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Figure 2.~ Ejector-jet system illustrating nomenclature.
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Figure 4.- Effect of heating on conditions in mixing tube (r, 1.0; X, 1.0;
M,, 1.4 or Hy/p,, 3.18; without friction). :
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Figure 5.~ Effect of pressure-rise ratio, r, of actuating jet on
conditions in mixing tube without heat (X, 1.0; M,, 1.4 or

Ho/po, 3.18; Tus/Tog, 1.0; without friction).
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Figure 6,- Effect of pressure-rise ratio, r, of actuating jet on con-
ditions in mixing tube with heat (X, 3; My, 1.4 or Hy/p,, 3.18;

TuS/TOS , 3.16; without friction).
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Figure 7.- Effect of ratio of secondary-air area at mixing-tube inlet to
area of jet nozzle exit, X, on conditions in mixing tube (r, 6.0;
M,, 1.4 or E[o/po , 3.18; T, /T.o, 3.16; without friction).
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Figure 8,- Effect of friction on conditions in mixing tube (X, 1.5;
M,, 0.8 or Ho/po, 1.54; Tus/Tos’ 2.68).
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(a) Pressure-rise ratio, r, 1.b.

Figure 10.- Effect of heat, T, /T,, and pressure-rise ratio, r, of

actuating jet on thrust augmentation over a range of free-stream Mach
numbers (X, 3.0 and 6.0; with friction; pe/po , 1.0).
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NACA RM No. L8L23 Fig. 14

Figure 14.- Effect of ratio of pressures of secondary air and primary
air at mixing~tube inlet, - pa/pj , on thrust ratio (r, 12.0; with

friction; pe/po, 1.0, X, 8.0).
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Figure 17.- Thrust augmentation of ram-jet installations with a nozzle
at ejector mixing-tube exit (r, 1.0; air-fuel ratio, 15).



